Abstract: A Fourier-Ritz method for predicting the free vibration of composite laminated circular panels and shells of revolution subjected to various combinations of classical and non-classical boundary conditions is presented in this paper. A modified Fourier series approach in conjunction with a Ritz technique is employed to derive the formulation based on the first-order shear deformation theory. The general boundary condition can be achieved by the boundary spring technique in which three types of liner and two types of rotation springs along the edges of the composite laminated circular panels and shells of revolution are set to imitate the boundary force. Besides, the complete shells of revolution can be achieved by using the coupling spring technique to imitate the kinematic compatibility and physical compatibility conditions of composite laminated circular panels at the common meridian with θ = 0 and 2π. The comparisons established in a sufficiently conclusive manner show that the present formulation is capable of yielding highly accurate solutions with little computational effort. The influence of boundary and coupling restraint parameters, circumference angles, stiffness ratios, numbers of layer and fiber orientations on the vibration behavior of the composite laminated circular panels and shells of revolution are also discussed.
Introduction
The composite laminated circular panels and shells of revolution are widely used as elementary structural components in modern aerospace structures, missiles, naval vehicles and other areas of engineering. These structural elements are commonly subjected to various forms of dynamic loadings in their service life and therefore, the knowledge of their vibration characteristics is of crucial importance from the standpoint of the practical design. However, achieving an accurate and unified vibration solution for composite laminated circular panels and shells of revolution with arbitrary boundary conditions remains an extremely challenging task both analytically and numerically due to the complicated effects involving the transverse shear and normal deformations, coupled material behaviors and non-zero curvatures, etc. The development of relevant theoretical methodologies and numerical modeling for composite laminated circular panels and shells of revolution has thus received considerable attention from the research community. This paper is concerned with the theoretical development and an efficient unified method for free vibration analyses of composite laminated circular panels and shells of revolution based on the firstorder shear deformation theory.
In the last decades, a large quantity of research efforts have been devoted to the vibration analysis of composite laminated circular panels and shells of revolution in the literature. Jin et al. [1, 2] applied the modified Fourier method to predict the vibration characteristics of moderately thick composite spherical dome and thin shallow shells with general boundary conditions. Later, his [3] group extended the Chebyshev-Ritz method to study the free vibration analysis of spherical panels with general boundary condition. Qu et al. [4] analyzed the free and forced vibrations of composite laminated shells of revolution including cylindrical shell, conical shell and spherical shell, in which a modified variational principle in conjunction with a multi-segment partitioning technique was employed to derive the formulation based on the first-order shear deformation theory. The static and free vibration analysis of laminated shells is performed by radial basis functions collocation, according to a layerwise deformation theory by Ferreira et al. [5, 6] . A general survey and comparison for variety of simply supported shallow spherical, cylindrical, plate and saddle panels in rectangular planform was made by Chern and Chao [7] . Free vibration of simply supported laminated spherical panels with random material properties was reported by Singh et al. [8] based on the high-order shear deformation shallow theory. The free vibration of composite spherical shell cap with and without a cutout is investigated by Ram and Babu [9] using the finite element method based on a higher-order shear deformation theory. Wu et al. [10] performed the natural frequencies and forced responses of thin laminated composite shells of general form by using a highorder curved shell finite element. The free vibration response of doubly-curved anisotropic laminated composite shells is presented by Fazzolari and Carrera [11] using the hierarchical trigonometric Ritz formulation (HTRF). Qatu [12, 13] presented accurate equations which include shells with a pre-twist and accurate force and moment resultants for free vibration of laminated composite deep, thick shells with some selected calssical boundary conditions. Kioua and Mirza [14] presented a simple and efficient method for the static analysis of shallow shells including spherical panels under mechanical, thermal, and piezoelectric fields with classical boundary conditions. Lal et al. [15] investigated the nonlinear bending behaviour of laminated composite spherical shell panel with system randomness subjected to hygro-thermo-mechanical loading by using the higher order shear deformation theory and stochastic C 0 nonlinear finite element method. Lee and Chung [16] applied the finite element model for vibrating laminated spherical shell panels with delamination around a central cutout based on the third-order shear deformation theory of Sanders. Mantari et al. [17] preseneted a exact solution for static and dynamic analysis of laminated composite and sandwich cylindrical and spherical shells and plates with simply supported boundary conditions based on the new higher order shear deformation theory. Garg et al. [18] presented a closed-form formulation of two-dimensional (2D) higher-order shear deformation theories (HOSTs) for the free vibration analysis of simply supported cross-ply laminated composite and sandwich doubly curved shells. Panda and Singh [19, 20] analyzed the nonlinear free vibration behaviour of thermally post-buckled laminated composite spherical shallow shell panel with claaical boundary condition by using the nonlinear finite element approach based on the higher order shear deformation theory (HSDT). Birman et al. [21] presented a closed form solution for axisymmetric dynamics of spherical shells reinforced by meridional and circumferential stiffeners with classical boundary conditions. Dasgupta and Huang [22] developed a layer-wise theory for free vibrations of thick composite spherical panels based on the finite element method. Panda and Mahapatra [23] used the higher order shear deformation theory and nonlinear finite element method to investigate the nonlinear free vibration behavior of laminated composite shallow shell with classical boundary conditions. As is clear from the above literature reviews, the existing works exist two defects: Firstly, most of the existing methods just can be used to achieve the spherical panels and dome with classical boundary condition; Secondly, the exsting results about the titled problems is confined to the composite laminate spherical panels and dome. However, in the practical engineering, the boundary condition of the work strtures can't always be classical in nature. In addition, the revolution axis of rotation may not coincide with the spherical coordinate center and it occurs a shift between them. Unfortunately, there is a considerable lack of corresponding information to deal with the vibration analysis of composite laminated circular panels and shells of revolution subjected to non-classical edge boundary conditions. Thus, it is desirable to develop a unified, efficient method which is capable of dealing with composite laminated circular panels and shells of revolution subjected to general elastic restraints. Recently, the improved Fourier series was proposed in 2000 by Li [24] [25] [26] to solve the free vibration of beams with general boundary conditions. Later, the method fast extended to cope with other structures (i.e. beams, plates, shells and coupled structures) by the Du [27] [28] [29] [30] , Jin [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] , Wang et al. [47] [48] [49] [50] [51] [52] in the last ten years due to the superiority compared with other methods. The detailed theoretical analyses and mathematical principle can been seen in Refs [24] [25] [26] . The main focus of this work is to complement the vibration studies of composite laminated circular panels and shells of revolution with general elastic restraints and develop a unified and sufficiently accurate analytical method to provide some useful results of the titled problem which may be used for benchmarking by future researchers. The firstorder shear deformation shell theory is adopted to formulate the theoretical model. In summary, there are five merits in present work: Firstly, regardless of boundary conditions, the admissible function of the composite laminated circular panels and shells of revolution is obtained by the improved Fourier series which consists of a superposition of the standard cosine Fourier series and several auxiliary functions introduced to remove any potential discontinuous of the original displacement and its derivatives at the boundaries; Secondly, the general elastic restraints can be achieved by the boundary spring technique in which three types of liner and two types of rotation springs along the edges of the circular panels and shells of revolution are used to imitate the boundary condition. Thirdly, the complete shells of revolution can be achieved by using the coupling spring technique to imitate the kinematic compatibility and physical compatibility conditions of laminated circular panels at the common meridian with θ = 0 and 2π. Then, the present solutions enables rapid convergence, high reliability and accuracy since the unknown coefficients appearing in the admissible function are determined by using the Ritz procedure, compared with other contributions. Lastly, Numerous new free vibration results for the composite laminated circular panels and shells of revolution with different lamination schemes and elastic restraints are presented and the influence of boundary and coupling restraint parameters, circumference angles, stiffness ratios, numbers of layer and fiber orientations on the vibration behavior of the composite laminated circular panels and shells of revolution are also presented, which can be served as benchmark data for the designers and engineers to avoid the unpleasant, inefficient and structurally damaging resonant.
Theoretical formulations

Description of the model
The basic configuration of the problem considered here is a composite laminated doubly-curved shell as shown in Fig. 1 . An orthogonal curvilinear coordinate system (φ, θ, z) is fixed in the reference surface which usually refers to the middle surface of the shell. The displacements of the shell in the meridional φ, circumferential θ and radial z directions are denoted by u, v and w, respectively. The angle formed by the external normal n to the reference surface and the axis of rotation Oz, or the geometric axis O 1 z 1 of the meridian curve, is defined as the meridional angle φ and the angle between the radius of the parallel circle and the x axis is designated as the circumferential angle θ as shown in Fig. 1 . The position of an arbitrary point within the shell is decided by φ 0 < φ < φ 1 , 0 < θ < ϕ and h/2 < z < h/2. The horizontal radius is designated as R 0 , and the radii of curvature in the meridional and circumferential directions are respectively represented by Rφ, R θ . The included angle between the material coordinate of the k'th layer and the φ-axis of the shell is denoted by α, and the distances from the undersurface and the top surface of the layer to the reference surface are assigned as z k and z k+1 , respectively. For a surface of revolution with a circu- lar curved meridian, they are respectively expressed as:
where R is the constant radius of the circular meridian of the shell. R b is the distance between the axis of rotation Oz and the geometric axis of the meridian O 1 z 1 . Fig. 2 shows the examined composite laminated circular panels and shells of revolution structures for the verification of the accuracy and versatility of the proposed approach.
The spherical panel and dome is generated as a special case of the considered panels shells of revolution structures, when R b = 0, as diagramed in Fig. 2(a) and by setting φ 0 = 0, the spherical cap is obtained as illustrated in Fig. 2(b) . It is worth noting that, by setting the R b ≠ 0, the panels and shells of revolution structures are transformed to the Toro-circular panel and Circular toroid, as shown in 
Kinematic relations and stress resultants
Consistent with the assumptions of the moderately thick shell theory reported above, the displacement field considered in this study is that of the first order shear deformation theory and can be put in the following form [53] [54] [55] :
where u 0 , v 0 and w denote the displacements of corresponding point on the reference surface in the φ, θ and z directions, respectively. ψ varphi and ψ theta are the rotations of the normal to the reference surface about the θ and φ direction, respectively, and t is the time. Relationships between strains and displacements along the shell reference (middle) surface (z = 0) are represented by the following:
The constitutive equations relating the force and moment resultants to strains and curvatures of the reference surface are given in the matrix form: 
where Nφ, N θ and N φθ are the in-plane force resultants, Mφ, M θ and M φθ are moment resultants, Qφ, Q θ are transverse shear force resultants. κ is the shear correction factor, which is usually selected as κ = 5/6. A ij , B ij and D ij (i, j = 1, 2 and 6) are the extensional, extensional-bending coupling, bending stiffness, and they are respectively expressed as
where Q k ij (i, j = 1, 2, 4 − 6) are the lamina stiffness coefficients, and their detailed information are shown in Appendix A.
The strain energy (Us) of the composite laminated circular panels and shells of revolution during vibration can be define as
Substituting Eqs. (3) and (4) into Eq. (6), the strain energy expression of the structure can be written in terms of middle surface displacements and rotations. For convenience, the strain energy expression is divided into three components i.e. U = U S + U B + U BS , where U S , U B and U BS indicate Stretching, Bending and Bending-Stretching coupling energy expressions, respectively.
The corresponding kinetic energy (T) function of the composite laminated circular panels and shells of revolution can be given as: 
Since the main focus of this paper is to develop a unified solution for the vibration analysis of the composite laminated circular panels and shells of revolution with general boundary conditions, thus, in order to satisfy the request, the artificial spring boundary technique is adopted here. In this technique, five groups of boundary restraining springs are arranged at all sides of the circular panels and shells of revolution to separately simulate the general boundary conditions. Then the equations describing general elastic supported composite laminated circular panels and shells of revolution can be written as follows:
Thus, as one merit of the present study, the unified treatment in dealing with general boundary conditions for the panels can be achieved by assigning the stiffness of the boundary springs with various values. For example the free boundary condition can be readily obtained by setting the spring coefficients to zeros, and the clamped boundary can be obtained by assigning the springs' stiffness to infinity. Table 1 gives the corresponding spring stiffness values for the considered boundaries. Therefore, the potential energy Usp stored in the boundary springs is given as:
In addition to the external boundary conditions, the kinematic and physical compatibility should be satisfied at the common meridian with θ = 0 and 2π, if a complete shell of revolution is considered. The kinematic compatibility conditions include the continuity of displacements. The physical compatibility conditions can only be the five continuous conditions for the generalized stress resultants [53] [54] [55] . Thus, as shown in Fig. 1 (d) , to consider the complete shell of revolution characterized by ϕ = 2π, it is necessary to implement the kinematic and physical compatibility conditions between the two computational meridians of θ = 0 and ϕ = 2π.
The kinematic compatibility conditions:
The physical compatibility conditions:
In order to satisfy the above requirements, the authors draw on the experience of two elastically coupled rectangular plates [56] to present a coupling spring technique which can be viewed as one innovation point of the present study. In this technique, three groups of linear and two groups of coupling springs are applied to imitate the kinematic compatibility and physical compatibility conditions of functionally graded parabolic and circular panels at the common meridian with θ = 0 and 2π when consider a complete shell of revolution, as show in Fig. 2 . Therefore, the potential energies (Ucp) stored in in the five types of coupling springs can be defined as:
It should be noted that the stiffnesses of corresponding springs used at the common meridian with θ = 0 and 2π of functionally graded parabolic and circular panels are revalued to be zero automatically.
Admissible displacement functions and Solution procedure
Recently, Li [24] [25] [26] proposed a modified Fourier series technique for Euler-Bernoulli beams with arbitrary boundary conditions. In this technique, each displacement of a beam is expressed as a standard cosine Fourier series with the addition of several supplementary terms which used to remove all the discontinuities potentially associated at the boundaries. The detailed theoretical analyses and mathematical principle can been seen in Refs [24] [25] [26] . In this paper, the modified Fourier series technique is further developed and extended to deal with the vibrations of composite laminated circular panels and shells of revolution with elastic boundary conditions. Therefore, each of the reference surface displacements or rotations of the normal of a shell can be written as a modified Fourier series as follows: The two types of auxiliary functions χ l (θ) and ζ l (θ) are selected to remove all the discontinuities potentially associated with the first-order derivatives at the boundaries. Thus, the function sets are capable of representing any free vibration motion of the shell. The two types of auxiliary functions are given as:
It is easy to verify that
The Lagrangian energy function (L) of the composite laminated circular panels and shells of revolution can be written as:
Substituting Eqs. (7)- (10), (16), (19) and (20) into Eq. (23) . Then, the Lagrangian expression is minimized by taking its derivatives with respect to these coefficients:
Since the displacements and rotation components of the moderately thick functionally graded parabolic and circular panels and shells of revolution are chosen as M and N to obtain the results with acceptable accuracy, a total of 5 × (M + 1) × (N + 1) + 10 × (M + N + 2) equations are obtained. They can be summed up in a matrix form:
where K, M and H respectively represent the stiffness matrix, mass matrix and vector of the unknown coefficients for the shell. The detail expressions for above matrices are given in Appendix B. By solving the Eq. (25), the frequencies (or eigenvalues) of composite laminated circular panels and shells of revolution can be readily obtained and the mode shapes can be yielded by substituting the corresponding eigenvectors into series representations of displacement and rotation components.
Results and discussions
In this section, the authors exhibit the vibration behaviors of moderately thick composite laminated circular panels and shells of revolution by means of the present method. Firstly, the convergence, accuracy and reliability of the present method are verified by the comparison with other methods. Secondly, based on the verification, some new results of moderately thick composite laminated circular panels and shells of revolution are presented. Lastly, the parameter study about the effects of the geometric and material parameters on the vibration behaviors of the circular panels and shells is reported. In addition, unless otherwise stated, the material properties used in following analyses are: E 1 = 15E 2 , E 2 = 10 GPa, G 23 = 0.5E 2 ; G 12 = G 13 = 0.6E 2 , µ 12 = 0.23, ρ = 1500 kg/m 3 .
Convergence study
From the theoretical formulations, we can know that the computational accuracy relies on a limited number of terms in the displacement expressions in actual calculation. Thus, it is very important to check its convergence. In order to simplify this study, a symbolism is employed to represent the boundary condition of a composite laminated circular panels and shells of revolution, e.g. the FCSE and CF respectively denote the panels with F (Free), C (Clamped), S (simply-support) and E (Elastic restrain) boundary conditions at φ = φ 0 , θ = 0, φ = φ 1 and θ = ϕ and the shells with C (Clamped) and F (Free) at φ = φ 0 and φ = φ 1 . The convergence of the first eight frequency parameters for composite laminated circular toroid and Toro-circular panel with complete clamped boundary conditions is presented in Table 2 . It is evident that the present method has an excellent convergence, and is sufficiently accurate even when only a small number of terms are included in the series expressions. Taking both the computational accuracy and efficiency into consideration, in following examples, the truncated number of the displacement expressions will be uniformly selected as M × N = 12×12. Furthermore, in order to validate the accuracy and reliability of current solution, more numerical examples will be presented. In each case, the convergence study is performed and for brevity purposes, only the converged results are presented here.
Validation and new results
As mentioned earlier, the complete shells can be obtained by means of three groups of linear coupling springs and two groups of rotational coupling springs to imitate the kinematic compatibility and physical compatibility conditions at the coupling boundary condition when the circumference angle of the panels is equal to 2π. Thus, before the validation of the present method, the influence of the stiffnesses of coupling spring on vibration behavior of the panels should be investigated first. Table 3 shows the first four frequency parameter Ω = ωR √︀ ρ/E 2 for composite laminated Toro-circular panel with different coupling springs. The all types of coupling springs, i.e. kuc = kvc = kwc = Kφc = K θc , uniformly vary from 10 0 D to 10 8 D,
According to the Table 3 , we can see that the frequency parameter monotonously increases with the increasing of the values of the stiffness of coupling springs. Furthermore, the mechanical behavior of the panels gradually approaches a complete shell, and lastly remain unchanged while the stiffnesses of coupling spring reach the infinity. So, the values of the stiffness of coupling springs will be uniformly selected as kuc = kvc = kwc = Kφc = K θc = 10 6 D.
Next, the validation work for circular panels and shells of revolution with classical boundary conditions will be performed by using the present method. [3, 11] is shown in Table 6 . The panels parameters used in the comparison are as follows: E 1 = 150 GPa, E 2 = 10 GPa, Table 8 Through the above analyses, the good accuracy and convergence of the present method can be validated, which enhances the confidence that it can be used to predicate the vibration behaviors of composite laminated circular panels and shells of revolution with elastic boundary conditions. Tables 9-10 show the lowest five frequency parameters Ω for composite laminated circular toroid with various boundary conditions including classical and elastic boundary conditions. New vibration results of the composite laminated Toro-circular panels are given in Tables 11-12. The geometric constants of the circular toroid and the Toro-circular panel are the same as Those results can be served as benchmark results for the future computational methods in this filed. From the Tables, we can see that the vibration characteristics of the composite laminated circular panels and shells of revolution strongly depend on the boundary condition and material parameters. As mentioned before, the mode shapes of the composite laminated circular panels and shells of revolution can be obtained by substituting the corresponding eigenvectors into series representations of displacement and rotation components. So, for illustrative purposes, some selected mode shapes of the aforementioned structures are depicted in Figs. 3-4 . From these figures, the vibration behaviors of the panels and shells subjected to different boundary conditions can be seen vividly, which can enhance our understanding of the vibration characteristics of composite laminated circular panels and shells of revolution.
Some parameters study
As is well known, the fiber orientation angle, boundary restrain parameters, layer number, circumferential angle and stiffness ratio have a significant impact on the vibration behavior of the structures. Fig. 5 shows the variation of the frequency parameters Ω for a moderately thick composite laminated circular toroid with different boundary restrain parameters Γ λ . The variation for a moderately thick composite laminated Toro-circular panel with different boundary restrain parameters Γ λ are shown in Fig. 6 . The geometrical parameters of the circular toroid and Toro-circular panel are the same as the Tables 9-12 . From the Figs. 5-6, we can know that the frequency parameters Ω increases with the increasing of the boundary restrain parameters irrespective of the types of boundary springs. In addition, it is obvious that the vibration behavior of above structures almost doesn't change while the Γ λ is less than 10 
approaches infinity. Fig. 7 shows the influence of the coupling restrain parameters Γ λ on the vibration behavior of Toro-circular panels. From the figure, it can be seen that for different types of coupling springs, this extent of the frequency parameter Ω is different. Next, the effect of the circumference angle on the vibration behavior of composite laminated Toro-circular panels will be revealed, and the variation of the first six frequency parameters Ω of the composite laminated Toro-circular panel with different boundary conditions and circumference angles is presented in Fig. 8 . It is evident that the frequency parameters Ω monotonously decrease while the circumference angle increases. Next, the focus turns to the material itself attributes. Fig. 9 and Fig. 10 respectively indicate the variations of the lowest five frequency parameters Ω versus the stiffness ratio E 1 /E 2 increasing from 1 to 100. From the figures, we can know that the frequency parameters Ω monotonously increase as the stiffness ratio increases regardless of the structure shapes and boundary conditions. It should be noted that the scope of influence of frequency parameters decreases in the same interval region of the stiffness ratio with the stiffness ratio E 1 /E 2 increasing. Fig. 11 and Fig. 12 show the influence of the number of layers on the frequency parameters Ω of the (0 ∘ /90 ∘ )n composite laminated circular toroid and Toro-circular panel with different boundary conditions. As clearly observed from Figs. 11-12, the frequency parameters of the structures increase rapidly and may reach their crest around n = 6 (12 layer), and beyond this range, the frequency parameters remain unchanged. In such a case, the struc- 
tures can be treated as an orthotropic structure. As the last case of this sub-section, the influence of the fiber orientations α on the lowest six mode frequency parameters of the composite laminated circular toroid and Toro-circular panel is investigated. In Figs. 13 and 14 , the variations of the lowest six frequency parameters Ω of the composite laminated circular toroid and Toro-circular panel with the CF and CFCF boundary condition against the fiber orientations α are depicted, respectively. Four laminated sched- Through the above studies, we can know that the present method can be universally applied to composite laminated circular panels and shells of revolution with general boundary conditions including classical cases, elastic restraints and their combinations. Compared with the existing methods, the present method doesn't need any change to the solution procedure when the boundary conditions change. Besides, the boundary condition, geometric and the material parameters have a significant im- 
pact on the vibration characteristics of the composite laminated circular panels and shells of revolution.
Conclusions
A unified method is presented for predicting the linear vibration of the composite laminated circular panels and shells of revolution with arbitrary boundary conditions. The approach employs the first-order shear deformation plate theory which includes the effects of rotary inertias and shear deformation. The admissible function of the composite laminated circular panels and shells of revolution is obtained by the improved Fourier series which consists of a superposition of the standard cosine Fourier series and several auxiliary functions introduced to remove any potential discontinuous of the original displacement and its derivatives at the boundaries. The arbitrary boundary condition can be achieved by the boundary spring technique in which three types of liner and two types of rotation springs along the edges of the circular panels and shells of revolution are adopted. In addition, the complete shells of revolution can be achieved by using the coupling spring technique to imitate the kinematic compatibility and physical compatibility conditions of composite laminated circular panels at the common meridian with θ = 0 and 2π. The convergence, accuracy and reliability of the present solutions are validated by numerical examples and the comparison between the present results and those available in the literature. In addition, the influence of boundary and coupling restraint parameters, circumference angles, stiffness ratios, numbers of layer and fiber orientations on the vibration behavior of the composite laminated circular panels and shells of revolution is also presented. Numerous new free vibration results for the composite laminated circular panels and shells of revolution with different lamination schemes and elastic restraints are presented. The following conclusions can be drawn:
(1) For the composite laminated circular panels and shells of revolution with classical boundary conditions, the natural frequencies obtained by using the present method are in quite good agreement with the published results. The results show that the present method enables rapid convergence, high reliability and accuracy. (2) The vibration characteristics of the composite circular panels and shells of revolution show very large change with the boundary and coupling restraint parameters increasing in the certain range. (3) The frequency parameters Ω monotonously decrease with the increasing of the circumference angle. In addition, the frequency parameter Ω monotonously increases as the stiffness ratio increases regardless of the structure shapes and boundary conditions. It should be noted that the scope of influence of frequency parameters de- 
creases in the same interval region of the stiffness ratio with the stiffness ratio E 1 /E 2 increasing (4) The ply orientations parameters, number of layers and material parameters of the composite laminated circular panels and shells of revolution play a very important role in the mechanic characteristics. 
